We consider a spinless fermionic p ± ip superfluid living on a two-dimensional sphere. Using superfluid hydrodynamics we show that the ground state necessarily exhibits topological defects: either a pair of elementary vortices or a domain wall between p ± ip phases. In the topologically nontrivial BCS phase we identify the chiral fermion modes localized on the topological defects and compute their low-energy spectrum.
I. INTRODUCTION
Ever since the discovery of superfluidity in 3 He [1, 2] , chiral fermionic superfluids stepped into spotlight of lowtemperature physics [3] [4] [5] . Of particular interest are twodimensional fully gapped chiral superfluids with the condensate∆
where p i = −i∂ i and the sign defines the chirality. In addition to the particle number symmetry, these exotic superfluids break spontaneously continuous rotational symmetry as well as discrete parity and time-reversal. Spin polarized two-dimensional fermions with a short-range attractive interaction, investigated before in the cold atom experiment [6] , is the simplest model that gives rise to such a superfluid. Its realization using p-wave Feshbach resonances has been extensively investigated theoretically and demonstrating the topological and other phase transitions [7, 8] . Moreover, modern advances in nanofabrication allowed to create and study chiral superfluids in thin films of 3 He [9, 10] . Also the Moore-Read ν = 5/2 quantum Hall state is a p x + ip y superfluid of composite fermions [11] .
It is instructive to consider a chiral superfluid living on a curved two-dimensional surface. In this case the chiral condensate that appears in the pairing Hamiltonian density can be written aŝ
where e aj is a vielbein, i.e. a pair (a = 1, 2) of orthonormal vectors defined at every point of the surface. In addition, we introduced the Goldstone phase θ, which is not necessarily uniform in the ground state.
1 See Appendix A for the details on how Eq. (1) is generalized to the form (2).
1 Indeed, since the vielbein is not unique and can be locally rotated in the internal vielbein space without affecting the metric, our construction possesses an internal gauge redundancy. The Goldstone phase transforms by a shift under internal vielbein rotations [12] and thus can be non-uniform in the ground state.
In this paper, in particular, we investigate the structure of the ground state of a p ± ip superfluid living on a surface of a two-dimensional sphere. Contrary to the case of a conventional s-wave superfluid or a chiral superfluid on a flat substrate, the ground state of a chiral superfluid necessarily supports topological defects. Mathematically, this follows from the Poincaré-Hopf ("hairy ball") theorem that asserts that one can not define on a sphere a vielbein vector field without critical points. Using superfluid hydrodynamics, in Sec. II we construct two candidates for the ground state shown in Fig. 1 . It is well-known that in the topological BCS phase of a chiral superfluid, topological defects (vortices and domain walls) and edges bind chiral fermion modes [5, 11, [13] [14] [15] [16] . In Sec. III we solve the Bogoliubov-de Gennes (BdG) equation for the two ground state candidates from Fig. 1 and determine the low-energy spectrum of the chiral fermion modes. The result is illustrated in Fig. 2 .
Finally, we mention several previous studies that are related to our work. In the late 1970s three-dimensional 3 He-A in a spherical container was investigated extensively, see [3, 17] . The physics of a vector (and also tensor) order parameter on a curved two-dimensional surface has also been investigated in soft condensed matter. In particular, we refer to [18] (and references therein), where a closed deformable surface of genus zero was considered.
Energy of chiral fermion modes as a function of angular momentum for (a) the vortex pair solution, (b) the domain wall solution with a strong repulsive potential localized around the equator which prohibits hybridization of the two chiral modes.
In addition, Read and Green argued in [11] that vortices will appear in the ground state of a two-dimensional p ± ip paired state defined on a sphere. In more detail a p ± ip superconductor on a sphere was later investigated in [19, 20] (see also [21] ). In these papers, however, a U (1) magnetic monopole was introduced at the center of the sphere, which compensated the effect of the spherical geometry and guaranteed that the number of vortices and antivortices is the same. In the present paper, we do not introduce the magnetic monopole and thus concentrate on the physics resulting purely from the spherical geometry. We would also like to mention a recent paper [22] , where a two-body chiral problem on a two-dimensional sphere was solved.
II. GROUND STATE: VORTEX PAIR VS DOMAIN WALL
In this section we investigate the nature of the chiral superfluid ground state on a sphere by using the lowenergy effective theory developed in [12, 23] (see also [14] for a precursor). At zero temperature a chiral spinless superfluid has one gapless Goldstone mode in the energy spectrum that governs the low-energy and longwavelength dynamics. The superfluid velocity of a chiral superfluid is given by [12] 
where θ is the Goldstone phase. In contrast to conventional s-wave superfluids [24] , the remarkable property of a chiral superfluid is that its velocity depends on the spin connection ω i with the parameter s = ±1/2 for the p±ip pairing. On a generic two-dimensional surface with a metric g ij = e a i e a j the spin connection is defined by
, where ∇ i is a covariant derivative and ǫ ab is the antisymmetric Levi-Civita symbol. Despite the fermions being electrically neutral in our problem, we introduced here an external U (1) gauge potential A µ . The corresponding U (1) electric and magnetic fields can be switched on by introducing a gravitational field and by rotating the fermions, respectively. It follows from Eq. (3) that vortices in chiral superfluids are sourced not only by rotation (U (1) magnetic field), but also by the Gaussian curvature. This is a direct superfluid analogue of the "shift" [25] that has been recently studied extensively in quantum Hall physics. The "shift" was also introduced and computed for relativistic chiral superfluids [26, 27] .
Consider now a unit sphere parametrized with spherical coordinates, the polar angle ζ ∈ (0, π) and the azimuthal angle φ ∈ (0, 2π) with the metric g ij = diag(1, sin 2 ζ) and the corresponding orthonormal vielbein vectors e ζi = (1, 0)
T and e φi = (0, 1/ sin ζ) T . In these coordinates the spin connection is ω i = (0, − cos ζ). giving rise to a constant Gaussian curvature
The poles are singular points of spherical coordinates and a proper treatment of the geometry of these points is given in Appendix B.
Curiously, the spin connection on the sphere is identical to the gauge potential of a U (1) magnetic monopole of charge q = +1 placed at the center of the sphere [28] . As a result, by adding a U (1) magnetic monopole of charge q = −s, we can completely compensate the effect of curvature and have a ground state with v = 0 and no topological defects. This has been done in the previous study of a p ± ip superconductor on a sphere [19] [20] [21] , where a vortex-antivortex excitation above the ground state has been considered. Since it is not obvious how one can create experimentally a U (1) monopole for neutral superfluids, we will not introduce it in in this paper.
A. Vortex pair solution
Consider a simple ansatz θ = 0 and A i = 0 resulting in the velocity field on a unit sphere
At the equator (ζ = π/2) the velocity vanishes, as it changes direction as one goes from the northern to the southern hemisphere (see Fig. 1 ). One can check that
The magnitude of the velocity field diverges at the poles, where we have a pair of (anti)vortices for s = ±1/2. Indeed, the vortex winding number is given by the circulation integral evaluated on an infinitesimal loop
So far we have just guessed the form of the velocity. It turns out, however, that this stationary field satisfies the conservation equations of superfluid hydrodynamics
where J i = −g −1/2 δS/δA i and T ij = 2g −1/2 δS/δg ij is the U (1) current and stress tensor, respectively. For a chiral superfluid they were computed in [12] . In particular, one can check that Eq. (6) and Eq. (7) projected on the velocity field are automatically satisfied provided the superfluid density ρ is only a function of ζ. Based on symmetry we expect ρ(ζ) to be an even function around the equator. The precise from of the ζ-dependence of the superfluid density ρ is fixed by the scalar equation e ζ j ∇ i T ij = 0.
B. Domain wall between p ± ip phases
Is there a solution on a sphere with no vortices? We start from the p ± ip superfluid that has a nontrivial winding of the Goldstone phase around the poles, i.e., θ = −sgn(π/2 − ζ)sφ and A µ = 0. The resulting velocity field is v ζ = 0, v φ = s(±1 − cos ζ), where the upper and lower sign should be taken in the northern and southern hemisphere, respectively. Note that the velocity field vanishes at the poles and thus there are no vortices there. At the equator, however, the azimuthal component of the velocity field is not continuous and undergoes a jump ∆v φ = 2s. This discontinuity can not appear in a physical solution and is resolved as follows: The superfluid spontaneously chooses the condensates of opposite chiralities in the northern and southern hemisphere (s N = −s S ). The resulting velocity field on a unit sphere
has no vortices and is continuous at the equator (see Fig.  1 ). The phases of opposite chiralities are separated by a domain wall. It is straightforward to check that the velocity profile (8) is a solution of the conservation equations (6) and (7).
C. Ground state
At this point it is natural to ask what scenario from Fig. 1 will be actually realized in the ground state. To answer this question, one has to evaluate the total energy of the superfluid for both scenarios and choose the one with a smaller energy. The result depends on the equation of state, i.e. the internal energy ǫ(ρ). Indeed, on a general two-dimensional surface with the metric g ij the energy of a (chiral) superfluid is given by [23] 
For the vortex pair solution, it will generically contain the core contribution that scales ∼ ln R/ξ core , where R is the radius of the sphere and ξ core is the size of the vortex core that is fixed by the equation of state. On the other hand, the domain wall solution in addition to the energy (9) will contain the domain wall gradient energy
ξDW , where ξ DW is the domain wall thickness, fixed by the equation of state and the structure of the interface. Intuitively, in the limit R → ∞ the domain wall solution is energetically unfavored with respect to the vortex pair solution. For a finite R, however, the nature of the ground state depends on the equation of state and possibly either of the scenarios can be realized. One can thus speculate that a transition between the two scenarios can be found by tuning a parameter such as the radius of the sphere R.
Note that the scenarios shown in Fig. 1 are the minimal solutions in the sense that the topology of the sphere also allows to add an arbitrary number of vortexantivortex pairs. Intuitively, these states should have higher energies as compared to the ones we discussed. This, however, should be carefully checked after the equation of state is fixed.
III. CHIRAL FERMION MODES
As long as a chiral p ± ip superfluid is in the topological BCS phase, topological defects bind chiral fermion modes on their surface [5, 11, [13] [14] [15] 29] (see also the review [16] and references therein). In this section we investigate the properties of these modes for the two ground state candidates shown in Fig. 1 .
A. Index theorem
The index theorem (see Sec. 22.1 in [5] ) relates the algebraic number 3 ν of chiral modes localized at an interface between topologically distinct phases of a chiral superfluid to the change ∆C of the bulk Chern number
Based on this theorem we anticipate for
• Vortex pair state: Two chiral modes each localized on the North and South pole, respectively.
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This follows from viewing a vortex in a p ± ip superfluid as an interface between the trivial vacuum core phase with C = 0 and the topological outer BCS phase with C = ±1.
• Domain wall state: Two co-propagating chiral modes localized at the equator because the domain wall separates p+ip and p−ip BCS phases with the Chern numbers C = 1 and C = −1, respectively.
B. BdG equation on a sphere
The index theorem guarantees the presence of chiral fermion modes in the ground state of a p ± ip superfluid in the BCS regime on a sphere. In order to find their energy spectrum, we solve the BdG equation
where F = (u, v) T and the BdG Hamiltonian
with ǫ(p) = g ij p i p j /(2m) − µ and p i = −i∇ i . The fermions are spinless, so they do not couple directly to the spin connection. Since the form of the order parameter∆ is different for the two scenarios from Fig. 1 , we will now discuss the two cases separately.
Vortex pair state
Consider a unit sphere parametrized by spherical coordinates. With details relegated to Appendix D, it can be shown that for the p ± ip superfluid with a pair of elementary (anti)vortices at the poles the order parameter (2) reduces to∆
Importantly, the presence of the (anti)vortex pair ensures that∆ does not contain a nontrivial winding phase of the angle φ. First, we factorize the solution into a highly oscillating spherical harmonic Y k l and a slowly changing spinorF , i.e.,
where the Fermi angular momentum l F ≫ 1 was defined
In the following we consider the regime |k| ≪ l F . The BdG equation transforms intõ
with the transformed BdG Hamiltonian to lowest order in the derivative (Andreev approximation)
where we introduced the function g
The explicit form of this function is not important, but we will use later that g k lF scales with l F , i.e., g k lF ∼ l F . Consider first the case k = 0, that reduces the Hamiltonian tõ
We look for zero-energy solutions of this Hamiltonian, i.e., solve
There are two orthogonal Majorana solutions each localized at the North and South pole, respectivelỹ
In the following we will assume that |∆ 0 | is an even function around the equator and thus ψ
For k = 0 we will treat the remaining part of the Hamiltonian
using degenerate perturbation theory which is well justified for |k| ≪ l F becauseH 0 ∼ l F , while ∆H ∼ k. Using the wave-functions (19) , (20) we find
The two chiral modes cross zero energy with two opposite slopes as a function of the (integer) angular momentum quantum number k, which is schematically illustrated in Fig. 2 . Importantly, the slope ω 0 is finite because the gap |∆ 0 | vanishes (generically linearly) in the cores of the vortices located at the poles. As already mentioned in the footnote 4, since the two (anti)vortices are separated by a finite distance on a sphere, we expect them to hybridize. As a result, the two zero modes will mix and acquire a finite energy gap. This effect goes beyond the present approximation.
Domain wall state
Previous studies (for a summary see [30] and references therein, see also [31] ) of a domain wall between p ± ip phases in flat space demonstrated that the energy spectrum of the chiral fermion states is nonuniversal, i.e., it depends on the microscopic details of the model. One basic reason behind that is the hybridization of the two co-propagating modes localized at the interface [32] resulting in accumulation of the unbroken charge [33] . The nonuniversal aspects of the problem can be circumvented by introducing a strong repulsive potential centered at the interface. This potential introduces a thin topologially trivial BEC phase inside the domain wall and effectively creates two edges along which two decoupled chiral modes propagate.
5 Here we will follow this route and study the two edge states on a unit sphere. We expect that the low-energy spectrum of this problem is universal.
The strong repulsive potential at the equator slices the sphere in half and thus it is sufficient to investigate only the edge of one (say southern) hemisphere. By symmetry of Fig 1 (b) the physics of the other hemisphere edge state is the same. It is demonstrated in Appendix D that the order parameter of a p − ip superfluid in the southern hemisphere is given in spherical coordinates bŷ
Here the winding phase factor is nontrivial. This phase factor and the gap profile |∆ 0 | that does not vanish at the poles, make the calculation of the kind performed in Sec. III B 1 technically difficult. Nevertheless, we will argue below that for a smooth edge 6 the present problem on a sphere can be reduced to the flat space edge problem on a disc that has already been solved [11] (see also the review [16] and references therein). To this end we perform the stereographic projection that maps the southern hemisphere to a unit disc. In stereo-polar coordinates (R, Φ) the metric g ij = χ 2 g p ij , where χ = 2/(1 + R 2 ) is the Riemann conformal factor and g
2 ) is the flat space metric expressed in polar coordinates. In these coordinates the Laplace operator
is the Laplace operator in flat space expressed in polar coordinates. The p − ip order parameter in the southern hemisphere now readŝ
5 The original domain wall can be recovered by gradually switching off the repulsive barrier. 6 The edge will be called smooth if the chemical potential varies sufficiently slowly such that the superfluid density goes to zero over a length scale that is much larger than the superfluid coherence length ξ ∼ 1/|∆ 0 | [34] . On a sphere of radius R, the superfluid density ρ ∼ 1/R 2 which gives rise to the condition
The BdG Hamiltonian can thus be written as
which looks like a flat space Hamiltonian, but decorated with the Riemann conformal factors χ. Notice, however, that for a smooth edge we can neglect the term quadratic in derivatives [11, 16] . In addition, we can absorb the conformal factor into the definition of the gap, i.e., |∆ 0 | → χ|∆ 0 |. As a result, the problem becomes equivalent to the flat space superfluid on a disc with a smooth edge. In that case for the p − ip pairing the low-energy spectrum of the chiral mode is known to be E = −|∆ 0 |k/R d , where k is a half-odd integer 7 and R d is the radius of the disc.
As a final result, on a sphere of radius R we find two co-propagating modes localized at the domain wall (with a strong repulsive potential at the equator) with the twice degenerate low-energy spectrum
which is valid for |∆ 0 |R ≫ 1 and schematically illustrated in Fig. 2 (b) .
IV. CONCLUSIONS AND OUTLOOK
We showed that topological defects necessarily appear in the ground state of a two-dimensional p ± ip superfluid confined to a sphere. Physically this happens because chiral Cooper pairs rotate and thus feel the Gaussian curvature as a kind of magnetic field. In this paper we identified the two candidates for the ground state that are illustrated in Fig. 1 . In the topological BCS phase we also identified the fermion chiral modes localized on the defects and computed their low-energy spectrum (see Fig. 2 ), which generally is consistent with what happens in flat space. The basic reason behind this agreement is that, in contrast to Cooper pair, the elementary spinless fermions do not couple to the spin connection and thus do not acquire a geometric Aharonov-Bohm phase on a sphere.
It is straightforward to extend our findings to closed geometries of nonzero genus g. Specifically, in this case the Gauss-Bonnet theorem suggests that a candidate for the ground p ± ip state must have the vortex number 8 equal to ∓χ E , where the Euler characteristic χ E = 2−2g. In particular, on a torus (g = 1) the total vortex number is zero. It would be interesting to extend our work to curved geometries with boundaries.
In general our work suggests that for a p±ip superfluid on a generic curved surface a 2π flux of the Gaussian curvature should give rise to a topological defect such as an (anti)vortex. We hope that further advances in 3 He experiments in nanofabricated geometries and cold atom experiments will make it possible to test our predictions and provide new directions for the extension of this work.
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We acknowledge discussions with Victor Gurarie, Jaacov Kraus Consider first a many-body system of identical spinpolarized fermions ψ living in flat space and interacting via the two-body potential V (r). We will use Cartesian coordinates. The Cooper order parameter is the scalar function
or equivalently
where we introduced the center-of-mass coordinate R = (r 1 + r 2 )/2 and the relative coordinate r = r 1 − r 2 . It is often convenient to perform a Fourier transform r → p.
In the mean-field theory the order parameter acts on the conjugate of the fermion field as a matrix in position space∆
We will now specialize to the order parameter that has chiral symmetry in the relative space
Here e ± = e x ± ie y and e x and e y is a pair of constant orthonormal vectors (vielbein) that point along x and y axis, respectively. Due to the quasi-local nature of the order parameter, the integral in Eq. (A3) can be performed analytically. Specifically, we first Fourier transform p → r in Eq. (A4), change the coordinates r, R → r 1 , r 2 and substitute the resulting expression into Eq. (A3). After several integrations by parts we finally find
1 and {â,b} = (âb +bâ)/2. Since a vielbein is not unique, we will consider next the vielbein that depends on R. Two-dimensional space is still flat and Cartesian coordinates are used. As a result, even in a uniform case we will need now to introduce the R-dependent Goldstone phase θ by writing ∆ 0 (R) = |∆ 0 |e −2iθ(R) with |∆ 0 | = const. The chiral order parameter should be now written as
After a chain of manipulations Eq. (A5) in this case can be put into a compact form
For an arbitrary (curved) manifold Eq. (A7) still holds. It can be derived from Eq. (A5) by using the identity
Up to a gauge, this identity fixes the vielbein field. As a result, the vielbein is covariantly constant under a covariant derivative that acts both on coordinate (i, j, . . . ) and vielbein (a, b, . . . ) indices.
We are now in position to derive Eq. (2) that was stated in Sec. I without a proof. Indeed the pairing term of the mean-field Hamiltonian density
where we used the local fermionic property ψ * ψ * = 0 in order to put the expression into the final form.
Appendix B: Geometry of poles
In spherical coordinates the poles are singular points of the coordinates. Indeed, we consider a small loop around a pole and calculate the circulation integral ω = ω φ dφ. By Stokes theorem it should be proportional to the curvature flux penetrating the loop. Since a sphere is an orientable manifold, we can define a positive (counterclockwise) direction of the loop consistently. On the northern (southern) pole = ± 2π 0 . In the limit of infinitesimally small loop around the North (South) pole we find ω = −2π. Although the curvature is finite everywhere on the sphere, the finite result for this integral makes it clear that the two poles are singular points of spherical coordinates. This problem can be resolved by gauge transforming to ω φ = ±1 − cos ζ for the North (South) patch of the sphere, respectively. Now K = 1 everywhere and thus the artificial curvature singularities disappear at the poles at the expense of multivaluedness of the spin connection ω φ in the overlap region. In this region the spin connections from the two patches are simply related by a gauge transformation [28] .
Appendix C: Stability of the domain wall at the equator
Imagine that the boundary between p + ip and p − ip phases is moved from the equator to the angle ζ 0 = π/2. The domain wall energy E DW ∼
|∆0|
2 R sin ζ0 ξDW has a maximum at the equator. On the other hand, one expects that the kinetic energy of the superfluid has a minimum at ζ 0 = π/2. For example, in the incompressible limit (ρ = const) one finds 
which indeed has a minimum at ζ 0 = π/2. In general, the domain wall is stable at the equator if the total energy E tot satisfies ∂ 2 ζ0 E tot > 0. If the stability condition is violated, one expects that the domain wall will move away from the equator to some angle ζ 0 = π/2 ± ∆ζ with ∆ζ > 0. The sign will be chosen spontaneously. One can determine ∆ζ by minimizing E tot (ζ 0 ) with respect to ζ 0 .
